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Mathematical analysis for an age-structured epi-
demic model with waning immunity and subclinical
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A mathematical analysis of an age-structured epi-
demic model for Hepatitis B virus transmission
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Optimal life-cycle strategy of marine macroalgae:
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The effect of vaccine on avian influenza
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UHFRZEEZ AV DNA Knot DS 7ICET 2R
In this thesis, a finer mechanism of transcription pro-
cess of gene as a cost-saving and resource-saving trans-
portation system of codewords information is investi-
gated by studying distribution of the DNA knots by
use of topological invariants to A-phage’s structural
operation as one of interesting examples. We use two
types of topological invariants: Alexander polynomi-
als and Jones polynomials. We compare the results
gotten by both ways of simulations to discuss about
both advantages and disadvantage. Moreover, these
results are compared with the actual biochemical ex-
perimental results to make an interpretation to what

happens in the cell.
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We consider the optimal number of matings and the optimal energy allocation for the multiple mating
strategy in a finite length of reproduction season, making use of a mathematical model given by (1) and
(2). Let J, be the expected reproductive success of female which takes n times mating strategy, II;,, the
probability that the female succeeds in matings k times for the n times mating strategy, and (R,/,) the
expected number of offsprings that can grow up to their maturity, which are born at the s th mating of
the female with the n times mating strategy. We assume that the female has the total energy E allowed
to be used for her mating and reproduction, and allocates 0 E to the k th mating and reproduction. V()
is the female’s survival probability until time ¢ in the reproduction season defined by the interval [0, 7],
and P(t) the probability of successful matings until time ¢. oy is the survival probability of offspring until
its maturity after the birth by the k th mating of its mother. With mathematical analysis on our model,
we can prove that, if the survival probability of offspring is independent of which mating it is born by, the
single mating strategy is always optimal. In contrast, if the survival probability of offspring depends on
when it is born or on the mother’s condition when bears the offspring, the multiple mating strategy could

be optimal.
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Some Mathematical Considerations on Sustainability of Biological Resource with Harvesting Fallow Period
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Kengo OKIMOTO

Department of Mathematics, Faculty of Science, Hiroshima University

Kagamiyama 1-3-1, Higashi-hiroshima, 739-8526 JAPAN

We consider how the sustainability of biological resource depends on the nature of harvesting fallow
period. It is assumed that the harvesting period and the harvesting fallow period are repeated with
constant length. Harvesting is of a constant rate within the harvesting period. We analyze the model
(1) modi ed from the logistic equation, introducing temporally intermittent harvesting. N (t) is the size
of biological resource at time ¢, where r is the intrinsic rate of natural increase of the biological resource,
b the density effect coefficient, h the harvesting rate in the harvesting period, T" the length of harvesting
period, and 7 the length of harvesting fallow period.

Analyzing (1), we can derive the threshold for the size of biological resource to avoid its exhaustion
by over-harvesting, and analyze the dependence of threshold on the harvesting rate and the length of

harvesting fallow period.
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Analysis of A Mathematical Model for Infectious Disease Transmission Dynamics with Individual Activity Class Structure

OO0 ooo
goooooooogo
Asami KOBAYASHI
Department of Mathematics, Faculty of Science, Hiroshima University

Kagamiyama 1-3-1, Higashi-hiroshima, 739-8526 JAPAN

The influenza vaccination is often planned with priority to children and aged adults. However, it is likely
that an adult class whose members have a relatively high mobility and a daily high contactivity to other
individuals would play a relevant role for the epidemic outbreak. In this study, based on the Kermack—
McKendrick’s SIR model, we have constructed and analysed an epidemic dynamics model in which the
population consists of two classes of high activity level and low activity one in terms of the daily contact
rate with other individuals. The disease transmission function of our model follows the proportional
mixing, weighted with the difference of activity between two classes. Members of the high activity class
temporally move from a local site to off-local sites, while those of the low activity class always stay in
the local site. We ignore the birth and the death and assume that the total population size is constant.
Analyzing our model, we discuss how the difference in the activity of members could be relevant to the
epidemic outbreak. We derived the condition for the initial epidemic outbreak in each class and each
site, and found that the outbreak signi cantly depends on the activity class structure: relative difference
in the activity and in the demographic class size. Even if the initial epidemic outbreak does not occur,
the disease transmission could subsequently cause the epidemic outbreak in the whole population. The
effective vaccine inoculation should be planned taking account of the structure of activity classes in the

target community.
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Master’s Thesis
Paradox of vaccination: Is vaccination really

effective against avian flu epidemics?

Takafumi Suzuki

Graduate School of Engineering, Shizuoka University, Japan

Background

Although vaccination can be a useful tool for control of avian influenza epidemics,
it might engender emergence of a vaccine-resistant strain. Field and experimental
studies show that some avian influenza strains acquire resistance ability against
vaccination. We investigated, in the context of the emergence of a vaccine-resistant
strain, whether a vaccination program can prevent the spread of infectious disease.
We also investigated how losses from immunization by vaccination imposed by the

resistant strain affect the spread of the disease.

Methods and Findings



We designed and analyzed a deterministic compartment model illustrating trans-
mission of vaccine-sensitive and vaccine-resistant strains during a vaccination pro-
gram. We investigated how the loss of protection effectiveness impacts the program.
Results show that a vaccination to prevent the spread of disease can instead spread
the disease when the resistant strain is less virulent than the sensitive strain. If the
loss is high, the program does not prevent the spread of the resistant strain despite
a large prevalence rate of the program. The epidemic’s final size can be larger than
that before the vaccination program. We propose how to use poor vaccines, which
have a large loss, to maximize program effects and describe various program risks,

which can be estimated using available epidemiological data.

Conclusions

We presented clear and simple concepts to elucidate vaccination program guide-
lines to avoid negative program effects. Using our theory, monitoring the virulence
of the resistant strain and investigating the loss caused by the resistant strain better

development of vaccination strategies is possible.

Keywords: Epidemic model; Vaccination; Resistant strain; Paradox; Avian influenza
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We theoretically discuss the vulnerability/tolerance of the trophic cascade system for alien species,
analyzing a Lotka—Volterra type of food chain model (1). As a result of our analysis on the model
(1), the invasion success of alien species is determined by the equilibrium biomass of the trophic
level which the alien species consumes. We classify the equilibria with respect to the distribution
of equilibrium biomass, in order to determine which trophic level is the most vulnerable/tolerant to
the alien invasion. Let S be the area of parameter region for which the coexistent equilibrium exists,

according to the (02, d3)-parameter space. Moreover, let S;"** be the area of parameter region for
which the ¢ th trophic level has the largest equilibrium biomass N, and S;™" be that for which

it has the smallest equilibrium biomass N;. We denote their frequencies by f*** = S;***/S and

min

min — gmin /G and regard them respectively as the frequency of existing trophic cascade systems
for which the j+ 1 st trophic level is the most vulnerable to the alien invasion and that for which it is
the most tolerant. From their parameter dependence, we find that the system with high tolerance of
the intermediate trophic level against the alien invasion could exist with high probability especially
when the density effect of producer level is strong.
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A mathematical analysis of an age-structured epidemic model
for Hepatitis B virus transmission
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#m 4 : Optimal life-cycle strategy of marine macroalgae:

correlating with the geographical distibution in seasonal mortality
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The e ect of vaccine on avian in uenza
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ABSTRACT

Masting is synchronous intermittent production of seeds in perennial plant populations. Some self-compatible monoecious Quercus species, such
as oaks, exhibit sex ratio dimorphism and produce a certain proportion of male flowers, even in a year when no seed set occurs. To investigate sex
ratio dimorphism in masting trees, we introduced sexual allocation as an evolutionary trait into the Resource Budget Model and examined the
evolutionary stable state for the sex ratio and the resultant reproduction dynamics. A series of these investigations suggest that the sex ratio

dimorphism is a possible mechanism of masting.

1. Introduction

Masting is synchronous intermittent production of seeds in
perennial plant populations; it is highly variable between years
[4].

To explain the mechanisms underlying masting in trees,
Isagi et al. (1997) proposed a resource budget model (RBM)
that incorporated physiological (endogenous) factors leading
to nonlinear resource allocations in individual trees [2].
RBM-coupled flowering activities of other trees showed
masting behaviour (i.e. variations between intermittent
intervals and in degrees of synchronisation based on
parametric values).

Most oak trees that exhibit masting behaviour are
self-compatible and monoecious, with separate male and
female flowers on the same plant. Some Quercus species
produce a certain proportion of male flowers with few female
flowers, even during a crop failure year [3]. This implies that
the female flowering cost may not be negligible and requires
some part of the allocation ratio of the cost of male flowering
from the entire flowering energy budget (i.e. sex ratio).

It is well known that the allocation ratio of the male
flowering cost to the entire flowering cost (i.e. sex ratio) is
affected by frequency-dependent selection and that the sex
ratio is a trait that varies in order to maximise individual
fitness through long-term evolution. To consider the female
flowering cost, we introduced the sex ratio r as an
evolutionary trait in RBM. RBM was then modified according
to evolutionary game dynamics, and the fitness of the mutant
was analysed. From this, we examined the evolutionary stable
state for the sex ratio and the resultant reproduction dynamics.
What value of r is favoured by natural selection? After
long-term evolution, how does reproductive dynamics
operate? In other words, which physiological constraints and
environmental conditions favour masting dynamics and sex
ratio dimorphism? To investigate these questions, we
considered the energy expenditure ratio of fruiting to that of
female flowering, R, and the intensity of pollen limitation, {3,
in a modified RBM model [1].

2. Model
To explore masting dynamics as a consequence of the
long-term evolution of the sex ratio in monoecious trees, we
expand the model developed by Satake and Iwasa (2000) [5]:
Yi(t)+1 ifY,(t)<0
Yi(t+1)= . ,
Yi(t)+1- ‘:Cfemale,i (1) + Crraei (®) + C (t):. ifY(t)>0

where Cramaie,i(t), Crrate,i(), and Criri(t), equal to r; [Yi(t)].,
(2-r3) [Yi(©)]+, and R P(t) (1-17) [Y;i()]., respectively. P(t) equals
t0 <Crrae(t)>*. Note that [X], = max[X, 0] and <X> = ;X/N
(i=1, 2..., N) throughout this manuscript. The parameters in the
systems are:

Yi(t), non-dimensionalised variable of stored energy level of
individual at site i;

Cremate,i(t), female flowering cost at site i;

Crnate,i(t), male flowering cost at site i;

Ciuiti(t), flowering cost at site i;

P(t), pollen availability;

r;, allocation ratio of the male flowering cost to the entire
flowering cost at the site i, defined as the sex ratio;

R., ratio of energy expenditure for fruiting to female
flowering;

B, strength of pollen limitation;

N, population size;

We assumed a fixed population size in a forest, which is
justified by the competition among offsprings for empty sites.
The design of the individual energy term is based on
physiological assumptions proposed by Isagi et al. (1997) [2].
It assumes that an individual at site i has Y;(t) energy stored at
the beginning of the year t. Trees produce units of energy by
photosynthesis each year. If the resultant stored energy, Yi(t) +
1, exceeds the threshold of energy level then the tree
reproduces; otherwise, it saves all its energy for the following
year. The stored energy Yi(t) is expended on flowering if it
exceeds the threshold, namely Y;(t) > 0. Trees that flower may
be fertilised, and in turn, produce fruit. Note that the entire
excess energy is assumed to spend on flowering and fruiting
costs. Here, we separate the female flowering cost (i.e. ova)
and male flowering cost (i.e. pollen) and consider the sex ratio,
ri, as an allocation ratio of the male flowering cost of
individual i to the sum of male and female flowering costs.
The fruiting cost Cyyiti(t) is assumed to be proportional to the
female flowering cost by a factor R, and P(t). The pollen
availability P(t) is determined by the average male flowering
intensity trees in an entire forest. Namely, unfertilised female
flowers fall at an early seed development stage and do not
grow to maturity. In this study, we deal with masting dynamics
only when taking global coupling into consideration in which,
within each site, each tree can exchange pollen with all other
trees, including self-fertilisation, with the same probability.
The coupling exponent B determines the degree to which a
given tree depends on other trees for pollen exchange.



To explore the evolutionary changes in the sex ratio trait, we
investigated the invasibility of a single mutant with r’ in a
resident population having a different sex ratio r. In order to
deal with the invasion of a mutant into a resident population, a
long-term logarithmic growth rate, S,(r°), is generally used as
“fitness’. If the fitness of a particular mutant is positive, then
that mutant can invade; otherwise, it cannot: S/(r’) =
SulogA(t)/T, where A(t) = 1+8{ W’ (t)/<W(t)> -1}. W’,(t) and
<W(t)> equal to 1/2 P(t) [Y 1(0]+ {(1-r) r’/r + (1-r’)} and <P(t)
(1-r) [Y(©)]+>. The parameters in the evolutionary systems are:

Si(r"), invasion fitness;

M(t), Growth rate of a mutant;

W;(t), reproductive success of the gamete at site i;

W’y(t), reproductive success of gamete of a mutant;

Y’1(t), level of stored energy of a mutant;

r’, sex ratio of a mutant;

3, death rate of an individual;

We assume that contributions to female and male functions are
proportional to those of investment, and that the population
consists of N haploid individuals. If mutation does not occur,
the sex ratio trait of an individual is same as that of either his
mother’s or father’s trait (50%). We assume perfect heredity
and infrequent mutation, which means that the sex ratio is
determined by a single locus, and we ignore any
recombination effects. In this study, we assume that seeds can
be dispersed by small animals (e.g. mice and squirrels) to all
sites with the same probability, and that all empty sites will be
instantly filled by offspring, and that seedlings will start
reproducing as mature trees immediately. Sex ratios with
higher W;(t) and/or W'y(t) have a greater chance of being
chosen as an offspring that can invade the empty site formed
by the death of an individual 8.

3. Results and Discussion

Figure 1 shows the phase plane indicating the character of
the evolved reproductive mode in which horizontal and
vertical axes are R, and f3, respectively. From analytical and
numerical findings, four phases are classified: (1) annual
reproduction phase; (2) biennial reproduction (without a crop
failure year) phase; (3) dimorphism phase without and (4) with
a synchrony of female-biased population (see also Fig. 2).

The sex ratio causing the synchronised intermittent
reproduction does not evolve for the following reason. In a
crop failure year caused by residents, a rare mutant that
deviates from the reproductive cycle of residents will invade
empty sites by self-fertilisation and disperse without
competitors [6].

If the fruiting cost of female flowers R, is sufficiently large
and the pollen limitation B is intermediate, sex ratio
dimorphism can evolve in a wide region. In this region,
biennial residents with a local ESS sex ratio are invaded by a
large step mutation, then dimorphism can occur.

After male-biased and female-biased genotypes appear, the
reproductive mode of each genotype depends on the genotype
frequency and the values of both sex ratios. It was confirmed
that female-biased genotypes tend to show an intermittent
reproduction in a wide region even where they cannot realize
intermittent reproduction in its monomorphic population. This

is because male-biased genotypes contribute to increasing the
pollen availability P(t) and then causes increasing the value of
the derivative [0Yi(t+1)/0Yi(Olvigs1)-vip In female-biased
genotypes. These results suggest that sex ratio dimorphism
contributes to improving pollen availability and causes
resource depletion and the occurrence of intermittent
reproduction in female-biased individuals.

As shown in Fig. 2 (right panel), synchronised intermittent
reproduction of female-biased genotype can occur. This is
intuitively explained by the following reason: a female-biased
genotype can gain a higher reproductive success. Male-biased
individuals are relatively advantageous in intermittent years
and are disadvantageous in mast years, in comparison with a
female-biased individual. Note that a male-biased genotype
produces a small proportion of female flowers in intermittent
years of female-biased individuals. The advantage of
male-biased individuals in intermittent years decreases with
increasing frequency of male-biased individuals.

A series of these investigations suggest that the sex ratio
dimorphism is a possible mechanism of masting.

Fig. 1 Phase plane for different values of R, and
Annual and biennial reproductions caused by ESS sex ratio appear in
the hatched, grey, and dotted region. In these regions, ESS sex ratios
have global stability. In the other region, there is no global ESS sex
ratio and dimorphism appears. The degree of brightness in the density
plotted area shows global synchrony characterised by the index
‘SYNC’.

Fig. 2 Temporal patterns of the seed crop of 20 individuals for

30 years in the dimorphism phase
Twenty individuals randomly chosen from 500 individuals are
arranged according to the sex ratio value.
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A theoretical study of synchronized oscillation and traveling wave of the segmentation clock

gene in vertebrate somitogenesis
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A mathematical study on the evolution of cancer cells
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Pattern formation in the context of development biology is the art of
spatio-temporal self-organisation of cells and signalling molecules, which
must accompany successful embryonic development. How do cells decide
their specific fate and how do they communicate with each other? The cells of
many tissues differentiate according to positional information arising from
concentration gradients of morphogens, a particular type of signalling
molecule that act directly on cells to induce distinct cellular responses. From
binding of the morphogen to a transmembrane receptor, a complex cascade of
signal transduction steps leads to information encoded in the morphogen
concentration being relayed to the cell nucleus. Through the interaction of
numerous signal transduction processes such as these, and complex
inter-and intra-cellular networks, cells communicate, differentiate and

develop into multicellular organisms.

There are numerous examples of morphogen gradients controlling long
range signalling in developmental and cellular systems. Since its conception
in 1952, Turing’s paradigm model for pattern formation has been the subject
of numerous theoretical investigations. On the experimental side,
Turing-type mechanisms were found to exist in chemical systems more than
40 years ago and, more recently, several biological systems have been found
to be consistent with such a model. However, modelling investigations of
cellular systems typically neglect the influence of gene expression on such
dynamics, even though transcription and translation are observed to be

important in morphogenetic systems.



The investigations of this thesis demonstrate that the behaviour of Turing
models profoundly changes on the inclusion of gene expression dynamics and
is sensitive to the sub-cellular details of gene expression. Furthermore, they
also highligte that domain growth can no longer ameliorate the excessive
sensitivity of Turing’s mechanism in the presence of gene expression time
delays. These results also indicate that the behaviour of Turing pattern
formation systems on the inclusion of gene expression time delays may
provide a means of distinguishing between possible forms of interaction
kinetics, and also emphasises that sub- cellular and gene expression
dynamics should not be simply neglected in models of long range biological
pattern formation via morphogens. Finally, this study calls into question the
plausibility of the Turing mechanism for pattern formation in biology where
robustness is a key requirement. Turing’s mechanism would generally
require a novel and extensive secondary mechanism to control reaction

diffusion patterning.
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